We analyze the family of 3-periodic (triangular) trajectories in an Elliptic Billiard. Its Triangle Centers (Incenter, Barycenter, etc.) sweep remarkable loci: ellipses, circles, quartics, sextics, and even a stationary point. We describe these as well as a few related delightful phenomena.
Introduction
We've been interested in properties and invariants of the family of 3periodics in an Elliptic Billiard (EB). Because these are triangles we can analyze well-known geometry. We were suprised [17] for example that this family (i) conserves the ratio of Inradius-to-Circumradius, (ii) maintains a special point (the Mittenpunkt [22] ) fixed at the EB center [16, pl#03] 1 , and that (iii) it can trace out a stationary circle [16, pl#04] . Surprisingly, some triangular invariants have been experimentally found to generalize to N -periodics [17] , shown to hold rigorously in [1, 2] . This paper focuses on a related set of phenomena: the loci of Triangle Centers [10] such as the Incenter, Barycenter, etc., over the family of 3periodic orbits. Constructions for a few basic centers and associated objects, appear in Figure 1 . An early result obtained from graphical simulation [16, pl#01] was that the locus of the Incenter was an ellipse 2 , Figure 2 , a fact subsequently proven [18] . This was quite unexpected since the map from orbit vertices to Incenter Cartesians is highly non-linear. Proofs soon followed for the ellipticity of both Barycenter [12] and Circumcenter [5, 6] .
While the proof for every new center requires careful analysis of its geometric construction, a new method has been proposed to show locus ellipticity in a systematic manner for any Triangle Center 3 [7] . Conditions under which the locus (elliptic or not) is an algebraic curve are also provided [7] . Figure 1 . The construction of Basic Triangle Centers X i , as listed in [11] . Left: The Incenter X 1 is the intersection of angular bisectors, and center of the Incircle (green), a circle tangent to the sides at three Intouchpoints (green dots), its radius is the Inradius r. The Barycenter X 2 is where lines drawn from the vertices to opposite sides' midpoints meet. Side midpoints define the Medial Triangle (red). The Circumcenter X 3 is the intersection of perpendicular bisectors, the center of the Circumcircle (purple) whose radius is the Circumradius R. The Orthocenter X 4 is where altitudes concur. Their feet define the Orthic Triangle (orange). X 5 is the center of the 9-Point (or Euler) Circle (pink): it passes through each side's midpoint, altitude feet, and Euler Points [22] . The Feuerbach Point X 11 is the single point of contact between the Incircle and the 9-Point Circle. Right: given a reference triangle P 1 P 2 P 3 (blue), the Excenters P ′ 1 P ′ 2 P ′ 3 are pairwise intersections of lines through the P i and perpendicular to the bisectors. This triad defines the Excentral Triangle (green). The Excircles (dashed green) are centered on the Excenters and are touch each side at an Extouch Point e i , i = 1, 2, 3. Lines drawn from each Excenter through sides' midpoints (dashed red) concur at the Mittenpunkt X 9 . Also shown (brown) is the triangle's Mandart Inellipse, internally tangent to each side at the e i , and centered on X 9 . This is identical to the N = 3 Caustic.
1.1. Summary of the Results. This paper starts with a recap of our previous results, Section 2 and is followed in Section 3 by a variety of delightful loci phenomena. We conclude in Section 4 with a list of the videos mentioned in the paper and a few interesting questions. Appendices provide detailed calculations. Figure 2 . Left Top: A 3-periodic orbit, and its Incenter X 1 : where bisectors meet. Left Mid: Three triangular orbits, each identified by a starting vertex P, P ′ , P ′′ , and their Incenters X 1 , X ′ 1 , X ′′ 1 . Also shown is the confocal Caustic (brown), the stationary Mandart Inellipse [22] of the 3-periodic family. Left Bot: the locus of X 1 over the 3-periodic family is an ellipse (green). Also shown is the Caustic (brown). Right: the Excentral Triangle (green) of a 3-periodic orbit (blue). The locus of its vertices (the Excenters) is an ellipse (dashed green) similar to a perpendicular copy of the locus of the Incenter (solid green inside the EB). This is the stationary MacBeath Circumellipse of the Excentral Triangle [22] , centered on the latter's X 6 (i.e., the orbit's X 9 ) Video:[16, pl#01].
1.2.
Review: Elliptic Billiards. Consider the ellipse E with positive axes a, b:
An Elliptic Billiard (EB) is a particle moving with constant velocity in the interior of an ellipse, undergoing elastic collisions against its boundary [21, 19] , Figure 3 . For any boundary location, a given exit angle (e.g., measured from the normal) may give rise to either a quasi-periodic (never closes) or N -periodic trajectory [21] , where N is the number of bounces before the particle returns to its starting location. The EB is the only known integrable Billiard in the plane [9] . It satisfies two important integrals of motion: (i) Energy, since particle velocity has constant modulus and bounces are elastic, and (ii) Joachimsthal's, implying that all trajectory segments are tangent to a confocal Caustic [21] . The EB is a special case of Poncelet's Porism [4] : if one N -periodic trajectory can be found departing from some boundary point, any other such point will initiate an N -periodic, i.e., a 1d family of such orbits will exist. A striking consequence of Integrability is that for a given N , all N -periodics have the same perimeter [21] . Figure 3 . Trajectory regimes in an Elliptic Billiard. Top left: first four segments of a trajectory departing at P 1 and toward P 2 , bouncing at P i , i = 2, 3, 4. At each bounce the normaln i bisects incoming and outgoing segments. Joachimsthal's integral [21] means all segments are tangent to a confocal Caustic (brown). Top right: a 3-periodic trajectory. All 3-periodics in this Billiard will be tangent to a special confocal Caustic (brown). Bottom: first 50 segments of a non-periodic trajectory starting at P 1 and directed toward P 2 . Segments are tangent to a confocal ellipse (left) or hyperbola (right). The former (resp. latter) occurs if P 1 P 2 passes outside (resp. between) the EB's foci (black dots).
Recap of previous results
Kimberling [11] has classified thousands of Triangle Centers which he identifies by the X i acronym: X 1 for Incenter, X 2 for Barycenter, etc. Conveniently, Trilinear Coordinates for each center are also provided [10] which can be easily converted to Cartesians, see Appendix A.
Already established is the fact that the loci of Incenter X 1 , Barycenter X 2 and Circumcenter X 3 are ellipses [18, 5, 20, 6] . Below we show that the locus of the Orthocenter X 4 and of the Center X 5 of the 9-Point Circle 4 are also elliptic, Figure 4 (left).
We also previously found that the locus of the Feuerbach Point X 11 coincides with the Caustic and that of its Anticomplement 5 X 100 coincides with the EB. These phenomena appear in Figure 4 (right), and are viewable in [16, pl#07] . The loci of Incenter X 1 , Barycenter X 2 , Circumcenter X 3 , Orthocenter X 4 , and Center of the 9-Point Circle X 5 are all ellipses, Video [16, pl#05] . Also shown is the Euler Line (dashed black) which for any triangle, passes through all of X i , i = 1...5 [22] . Right: A 3-periodic orbit starting at P 1 (t) is shown (blue). The locus of X 11 , where the Incircle (green) and 9-Point Circle (pink) meet, is the Caustic (brown), also swept by the Extouchpoints e i . X 100 (double-length reflection of X 11 about X 2 ) is the EB. Video: [16, pl#07] .
A Derived Triangle is one obtained from the vertices of a reference one 6 , in our case, the 3-periodic family. The following facts are known about them:
• the Intouchpoints', vertices of the Intouch or Contact Triangle, sweep a locus with two self-intersections [17] (see Figure 5 ), [16, pl#02] . • the Excenters, vertices of the Excentral Triangle, sweep an Ellipse similar to a rotated copy of the X 1 locus [6], Figure 2 , and viewable in [16, pl#06] . • the Extouchpoints sweep the Caustic [17] , a result we prove below.
The are illustrated in Figure 5 , and animated in [16, pl#09] . 4 Also known as the Euler Circle. 5 Double-length reflection about the Centroid X2. 6 Typically via a Trilinear Matrix [22] , Appendix A. Figure 5 . The vertices of the Intouch (green), Feuerbach (blue), and Medial (red) Triangles produce non-elliptic loci. Surprisingly, the Extouchpoints as well as the Feuerbach Point X 11 (both shown brown), are identical to the N = 3 Caustic. Video [16, pl#07] 
Intriguing Locus Phenomena
Here we describe a variety of delightful phenomena involving the loci of orbit centers and derived triangles. Referring to Equation (1), a, b are the lengths of major and minor semiaxes of the EB.
3.1. Locus of Orthocenter X 4 is similar to rotated EB. The locus of the Orthocenter X 4 is an ellipse similar to a rotated copy of the EB In [7, Thm #1]. Appendix B.3 shows that when a/b = a * 4 ≃ 1.51, the locus is a perpendicular copy of the EB, and for a/b = a 4 = 2 √ 2 − 1 ≃ 1.352 the locus is tangent to the EB at its top and bottom vertices.
If a/b < a 4 (resp. a/b > a 4 ) the orbit family will (resp. will not) contain obtuse triangles.
Proof. If the orbit is acute, X 4 is in its interior, therefore also internal to the EB. If the orbit is a right triangle, X 4 lies on the right-angle vertex and is therefore on the EB. If the orbit is obtuse, X 4 lies on exterior wedge between sides incident on the obtuse vertex (feet of altitudes are exterior). Since the latter is on the EB, X 4 is exterior to the EB.
This can be seen in Figure 6 . The orbit shown is a right triangle since one vertex is at the upper EB vertex where X 4 currently is. Right: at a/b > a 4 , the 3-periodic family will contain both acute and obtuse orbits, corresponding to X 4 interior (resp. exterior) to the EB. For any obtuse orbit, X 4 will lie within the wedge between sides incident upon the obtuse angle and exterior to the orbit, i.e., exterior to the EB. For the particular aspect ratio shown (a/b = 1.51), H is identical to a 90 • -rotated copy of the EB.
3.2.
Incenter of Orthic can be a 4-piecewise ellipse. Let T be a triangle, T h its Orthic 7 , and I h be the latter's Incenter. If T is acute, I h coincides with T 's Orthocenter X 4 . For obtuse T , I h becomes "pinned" to the vertex subtending the obtuse angle [3, Chapter 1].
Assume a/b > a 4 . Since the orbit family contains both acute and obtuse triangles, the locus of I h will switch smoothly between the following regimes:
interior Orthocenter X 4 right triangle on it right-angle vertex obtuse external (orbit Excenter) obtuse vertex, on EB In turn, this produces a 4-piecewise elliptic locus for I h , as shown in Figure 7 and [14, pl#08] . .605, when the orbit is an upright isosceles (obtuse since a/b > a h ), its extraverted Orthic is also a right triangle. 8 It can be shown a 2 h (resp. 1/a ′2 h ) is the real root above 1 (resp. less than 1) of the
Extouchpoints sweep the caustic.
Theorem 2. The Extouchpoints sweeps the Caustic.
The Inconic centered on the Mittenpunkt X 9 which passes through the Extouchpoints is known as the Mandart Inellipse [22] . By definition, an Inconic is internally tangent to the sides, so it must be the Caustic. Besides always being on the Caustic, the locus of the Extouchpoints cover it [7, Lemma#2] . This can be seen in Figure 1 (right) , and on a video [16, pl#07] .
3.4. Anticomplementary Intouchpoints are on the EB. Consider a 3-periodic's Anticomplementary Triangle (ACT) [22] and its Intouchpoints Figure 9 . Remarkably [14, pl #09]: Theorem 3. The locus of the Anticomplementary Triangle's Intouchpoints is the EB.
A proof appears in Appendix C Figure 9 . A 3-periodic orbit P 1 P 2 P 3 is shown (blue). Shown also is the Mittenpunkt X 9 , at the EB center. The orbit's Anticomplementary Triangle (ACT) P ′ 1 P ′ 2 P ′ 3 (dashed blue) has sides parallel to the orbit. The latter's Intouchpoints i ′ 1 , i ′ 2 , and i ′ 3 are the feet of perpendiculars dropped from the ACT's Incenter (X 8 ) to each side (dashed green). The ACT's Incircle (green) and 9-point circle (the orbit's Circumcircle, pink) meet at X 100 , the ACT's Feuerbach Point. Its locus is also the EB. The Caustic is shown brown. On it there lie X 11 and the three Extouchpoints e 1 , e 2 , e 3 . Video: [14, pl#09] We have numerically 9 observed that a threshold a act ≃1.2649 determines the motion regime of the ACT Intouchpoints with respect to a monotonic motion of P 1 (t) along the EB, namely Intouchpoints will move:
• a/b < a act : monotonically in the direction of P 1 (t).
• a/b = a act : monotonically in the direction of P 1 (t), stopping infinitesimally when passing at EB top and bottom vertices. • a/b > a act : two phases: mostly in the direction of P 1 (t) but with two retrograde phases as an Intouchpoint crosses the top and bottom vertices of the EB, [16, pl#09] . Figure 10 . Let P 1 (t) = (a cos(t), b sin(t)) slide counterclockwise along the EB. The graph shows the angular location t ′ of various points on their elliptic loci vs t of P 1 . Namely, (i) X 11 moves monotonically in the opposite direction of P 1 .
(ii) Extouchpoint e 1 moves along the Caustic in the same direction and with the same angular speed as P 1 . (iii) X 100 moves along the EB monotonically opposite to P 1 . (iv) the Anticomplementary's Intouchpoint i ′ 1 moves along the EB in both forwards and retrograde fashion, as attested by (v) the sign of its angular velocity (dashed green). Its lowest velocity is achieved at t = π/2. 3.5. X 88 sweeps Billiard and can be retrograde. Let P 1 slide counterclockwise along the EB. Let a 88 = ( 2 √ 2 + 6)/2 ≃ 1.485. It can be shown that if a/b < a 88 , then X 88 will move monotonically clockwise along the EB. If a/b is greater than this threshold, then the motion of X 88 will contain four monotonic phases, with its velocity changing sign twice before and after it crosses either horizontal vertex of the EB. This is shown on [16, pl#10] .
Let the orbit have sides s 1 ≤s 2 ≤s 3 . That X 88 and X 100 lie on the EB was shown above. For any triangle, X 88 is collinear with X 1 and X 100 [11] . The following facts can be shown:
• X 88 coincides with a vertex orbit if and only if s 2 = (s 1 + s 3 )/2. In this case, X 1 is the midpoint between X 100 and X 88 [8] , Figure 11a . • The only right-triangle orbit for which X 88 coincides with a vertex requires that s 1 : s 2 : s 3 = 3 : 4 : 5. • The only EB which can contain a 3 : 4 : 5 orbit has an aspect ratio a/b = (7 + √ 5) √ 11/22 ≃ 1.3924, Figure 11b .
The reader is challenged to find an expression for parameter t in P 1 (t) where the motion of X 88 changes direction. Figure 11 . X 88 is always on the EB and collinear with X 1 and X 100 [11] . Let ρ (shown above each picture) be the ratio |X 1 − X 100 |/|X 1 − X 88 |. (a) The particular orbit shown is obtuse (X 4 is exterior), and ρ > 1, i.e., X 1 is closer to X 88 . (b) When X 88 coincides with a vertex, if sidelengths are ordered as s 1 ≤s 2 ≤s 3 , then s 2 = (s 1 + s 3 )/2, and X 1 becomes the midpoint of X 88 X 100 , i.e., ρ = 1. (c) If a/b≃1.39, when X 88 is on a vertex, the orbit is a 3 : 4 : 5 triangle (X 4 lies on an alternate vertex). Video: [16, pl#10] . 3.6. Locus of Symmedian Point X 6 is a quartic. The Symmedian Point X 6 is the intersection of the Symmedian lines [22] . Interestingly, it is the only Triangular Center out of Kimberling's first 12 whose locus is non-elliptic. For an a/b = 1.5, the average distance with respect to a best-fit ellipse is of the order of 10 −4 , i.e., imperceptible to the naked eye. Figure 12 shows such a scenario where the deviation is exaggerated a million-fold. In fact: Details can be found in Appendix D.
3.7. X 59 is at least sextic with 4 self-intersections. Experimentally, X 59 is a continuous curve internally tangent to the EB at its four vertices, and with four self-intersections, Figure 13 , and as an animation [16, pl#11] . It intersects a line parallel to and infinitesimally away from either axis on six points, so its degree must be at least 6. The following are unsolved (reader feedback is welcome).
• What is the degree of its implicit?
• What is t in P 1 (t) = (a cos(t), b sin(t)) such that X 59 is on one of the four self-intersections? For example, at a/b = 1.3 (resp. 1.5), t≃32.52 • (resp. 29.09 • , Figure 13 (left-bottom). • What is a/b such that if X 59 is on one of the lower self-intersection on the y-axis, the orbit is a right triangle? Numerically, this occurs when a/b≃1.58 and t≃27.92 • , Figure 13 (right) . Figure 13 . The locus of X 59 is a continuous curve with four self-intersections, and at least a sextic. It is tangent to the EB at its four vertices. Top Left: circular EB, X 59 is symmetric about either axis. Bottom Left: a/b = 1.3, at t≃32.5 • X 59 is at the lower self-intersection and the orbit is acute (X 4 is interior). Right: at a/b≃1.58 the following feat is possible: X 59 is at the lower self-intersection and the orbit is a right-triangle (X 4 is on P 2 ). This occurs at t≃27.9 • . Video: [16, pl#11] 3.8. The locus of X 26 can be non-compact. X 26 is the Circumcenter of the Tangential Triangle [22] . Its sides are tangent to the Circumcircle at the vertices. Therefore X 26 of a right-triangle is at infinity. When a/b≥a 4 , the 3-periodic family will contain 2 (or 4) right triangles, therefore the locus of X 26 will only be compact when a/b < a 4 , Figure 14 . Figure 14 . The locus of X 26 for a 3-periodic orbit (blue) in an a/b = 1.25 EB (black). Also shown is the orbit's Circumcircle (purple) and its Tangential Triangle [22] (dashed green). X 26 is the center of the latter's Circumcircle (solid green). Its locus is non-elliptic. In fact, when a/b≥a 4 , the orbit family will contain right-triangles (X 4 crosses the EB). At these events, X 26 goes to infinity. The right inset shows an inversion of X 26 with respect to the EB center for various values of a/b. When a/b > a 4 , the inversion goes through the origin,i.e., X 26 is at infinity.
3.9. The locus of X 40 makes the EB golden. The Bevan Point X 40 is the Excentral Triangle's Circumcenter [11] . Its locus is an ellipse similar to a rotated copy of the Billiard with axes (Appendix B.4):
If one imposes b 40 = a, then a/b = (1 + √ 5)/2, i.e., when the aspect ratio is the Golden Ratio, the locus of X 40 is identical to a 90 • -rotated copy of the EB, Figure 15 . A video of this curious phenomenon is available [16, pl#12] . 3.10. Elliptic Loci are degenerate triple-winding curves. Though we have been describing certain loci as ellipses, algebraically, their locus satisfies the equation of an ellipse raised to third power, i.e., every point on it has multiplicity 3. Parametrically, they are the limit case of analytic curves that turn thrice about the center of the EB for every turn of P 1 (t). As an example, Figure 16 shows the locus of a point midway between the Incenter X 1 and one of the Intouchpoints. If said intermediate point is close to (resp. far from) X 1 , the locus is a tightly-wound 3-loop curve (resp. a triple-winding curve with two internal lobes). In the former (resp. latter) case, the locus is the X 1 ellipse (resp. the Intouch locus, known to be a two-lobe curve [17] .
The same phenomenon can be observed for loci of convex combinations of the following pairs: (i) Barycenter X 2 and a side midpoint, (ii) Circumcenter X 3 and a foot of a side midpoint, (iii) Orthocenter X 4 and altitude foot, as shown in [16, pl#13,14] . Figure 16 . The locus of X 1 is the limit case of a curve with two internal lobes. Driven by a single clockwise tour of P 1 (t), X 1 will loop thrice over its elliptic locus (solid green). Left: The locus (pink) of a point 30% of the way between X 1 and an Intouchpoint (not shown). Notice the two internal lobes. Right: the same locus when the intermediate point is 80% of the way from X 1 to an Intouchpoint. Video: [16, pl#13,14] 3.11. Summary of Phenomena. Tables 1 and 2 
Conclusion
A gallery of loci generated by X 1 to X 100 (as well as vertices of derived triangles) is provided in [15] . The reader is invited to interact with loci for various Triangle Centers using our online applet [13] . Videos mentioned herein are on a playlist [16] , with links provided on Table 3 . Table 3 . Videos mentioned in the paper. Column "PL#" indicates the entry within the playlist [16] .
PL# Title Section
The following are interesting questions we would invite the reader to contribute.
• Can a Triangle Center be found such that its locus can intersect a straight line more than 6 times? • What causes an elliptic locus (e.g. X 88 ) to contain retrograde phases?
• In the spirit of [18, 5] , how would one determine via complex analytic geometry, that X 6 is a quartic? • Prove the summits of equilaterals erected over each orbit side (used in the construction of the Outer Napoleon Triangle [22] ) describe a non-elliptic locus [16, pl#15] .
Appendix A. Triangle Centers
Any point on the plane of a triangle T = P 1 P 2 P 3 can be defined by specifying a triple of Trilinear Coordinates x : y : z which are proportional to the signed distances from P to each side, which makes them invariant under similarity transformations (rigid+dilation).
A Triangle Center (with respect to a triangle T = P 1 P 2 P 3 ) is defined by Trilinear Coordinates obtained by thrice applying a Triangle Center Function h to the sidelengths as follows:
(2)
x Trilinears for 40k+ Triangle centers are available in [11] . The vertices of a Derived Triangle are the rows (taken as Trilinears) of a 3x3 Trilinear Matrix, whose entries depend on three Triangle Center functions h 1 , h 2 , h 3 applied as follows:
Trilinears can be converted to Cartesians using [22] :
(3)
X i | cartesian = s 1 xP 1 + s 2 yP 2 + s 3 zP 3 D Where and D = s 1 x + s 2 y + s 3 z.
Appendix B. Semiaxes for Selected Elliptic Loci
The loci of 29 of the first 100 Kimberling centers are ellipses concentric and axis-aligned with the Billiard, i.e., the locus of center X i satisfies::
With δ = √ a 4 − a 2 b 2 + b 4 and a i , b i are the semi-axes, explicit expressions for said 29 centers have been provided in [7] . A few of those are needed here and reproduced below. B.1. X 1 and Excenters.
The locus of the Excenters is an ellipse with axes:
Notice it is similar to the X 1 locus, i.e., a 1 /b 1 = b e /a e . B.2. X 3 (similar to rotated Caustic).
Additionally, when a/b = √ Let E be its Circumbilliard, i.e., the Circumellipse for which Q 1 Q 2 Q 3 is a 3-periodic EB trajectory. The following implicit equation for E was derived [6] : The vertices of the ACT are can be derived as Q ′ 1 = (u − 1, v), Q ′ 2 = (u + 1, v), and Q ′ 3 = (1 − u, −v)., and its Incenter 10 is:
The ACT Intouchpoints are the feet of perpendiculars dropped from X ′ 1 onto each side of the ACT, and can be derived as:
Direct calculations shows that E(i ′ 1 ) = E(i ′ 2 ) = E(i ′ 3 ) = 0.. Besides always being on the EB, the locus of the Intouchpoints cover it. Let P 1 (t)P 2 (t)P 3 (t) be a 3-periodic and P ′ 1 (t)P ′ 2 (t)P ′ 3 (t) its ACT. For all t the Intouchpoint i ′ 1 (t) is located on the side P ′ 2 (t)P ′ 3 (t) of the ACT and on the elliptic arc arc(P 1 (t)P 3 (t)), Figure 9 . Therefore, when P 1 (t) completes a circuit on the EB, i ′ 1 (t) will have to complete a similar tour. Analogously for i ′ 2 (t) and i ′ 3 (t).
Appendix D. Symmedian Locus is a Quartic
It can be shown that the locus X 6 is the quartic defined implicitly by: Q 4 (x, y) =b 4 (5δ 2 + 4(b 2 − a 2 )δ − a 2 b 2 )x 4 + a 4 (5δ 2 + 4(a 2 − b 2 )δ − a 2 b 2 )y 4 +2a 2 b 2 (a 2 b 2 + 3δ 2 )x 2 y 2 + a 2 b 4 (3b 4 + 2(2a 2 − b 2 )δ − 5δ 2 )x 2 +a 4 b 2 (3a 4 + 2(2b 2 − a 2 )δ − 5δ 2 )y 2
One can also calculate an axis-aligned ellipse with semi-axes: a 6 −(a 2 + b 2 )b 2 + (3 a 2 − b 2 )δ a a 4 + b 4 + 2δ 2 , b 6 = a 2 (a 2 + b 2 ) + (a 2 − 3 b 2 )δ b a 4 + b 4 + 2δ 2 which is internally tangent to Q 4 (x, y) = 0 at its four vertices.
